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Black holes with hair represented by generic fields surrounding the central source of the vacuum
Schwarzschild metric are examined under the minimal set of requirements consisting of i) the exis-
tence of a well defined event horizon and ii) the strong or dominant energy condition for the hair
outside the horizon. We develop our analysis by means of the gravitational decoupling approach.
We find that trivial deformations of the seed Schwarzschild vacuum preserve the energy conditions
and provide a new mechanism to evade the no-hair theorem based on a primary hair associated
with the charge generating these transformations. Under the above conditions i) and ii), this charge
consistently increases the entropy from the minimum value given by the Schwarzschild geometry. As
a direct application, we find a non-trivial extension of the Reissner-Nordstro¨m black hole showing
a surprisingly simple horizon. Finally, the non-linear electrodynamics generating this new solution
is fully specified.
I. INTRODUCTION
Black holes are among the most extraordinary objects
in the Universe. The direct observations of black holes
through the detection of gravitational waves [1, 2] and
the reconstruction of the black hole shadow [3] have defi-
nitely raised them from being exotic solutions of general
relativity, to the status of real astrophysical systems with
well determined characteristics.
The original no-hair conjecture states that black hole
solutions should not carry any other charges [4] except
three fundamental parameters, namely the mass M , an-
gular momentum J and electric charge Q [5]. How-
ever, there could exist other charges associated with inner
gauge symmetries (and fields), and it is now known that
black holes could also have (soft) quantum hair [6]. The
general existence of hairy black hole solutions is precisely
the topic under study in this article.
For a long time different scenarios have been studied
for circumventing the no-hair theorem (see Refs. [7–13]
for some recent works and Refs. [14–17] for earlier works).
For instance, scalar fields have played a preponderant
role, mainly due to their simplicity and also in analogy
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with particle physics and cosmology (see also Refs. [18–
20] and references therein). In this paper, following our
previous work [21], instead of considering specific fun-
damental fields to generate hair in black holes, we shall
just assume the presence of a generic source in addition
to the one generating the vacuum Schwarzschild geom-
etry. We then impose a minimal set of conditions we
expect should hold for hairy black holes, namely: i) we
require that the system has a well-defined event horizon
and ii) the additional source is described by a conserved
energy-momentum tensor θµν which satisfies either the
strong (SEC) or the dominant energy condition (DEC)
in the region outside the event horizon.
From the technical point of view, we will also as-
sume the energy-momentum tensor θµν is decoupled from
the vacuum by means of the extended gravitational de-
coupling method (EGD henceforth) of Ref. [22]. This
approach was originally introduced in Ref. [23] in the
form of the so-called minimal geometric deformation
(MGD) [24, 25] (for some earlier works on the MGD,
see for instance Refs. [26–37], and Refs. [38–56] for some
recent applications). Analogously to the electro-vacuum
and scalar-vacuum cases, in this work we will thus con-
sider a Schwarzschild black hole surrounded by a spher-
ically symmetric “tensor-vacuum”, represented by the
aforementioned θµν . Following the EGD, we can sepa-
rate the complete Einstein field equations and obtain the
“quasi-Einstein” equations for θµν [See Eqs. (19)-(21) be-
low]. These are precisely the equations of motion for the
deformed Schwarzschild vacuum, which after decoupling,
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2contains five unknown functions that can be further anal-
ysed by imposing the two conditions discussed above.
The paper is organised as follows: in Section II, we
first review the fundamentals of the EGD approach to a
spherically symmetric system containing two sources; in
Section III, after imposing a simple condition to guar-
antee a well defined horizon, and after considering the
strong and dominant energy conditions on θµν , we show
a new way to evade the no-hair theorem. We apply this
to generate two new families of hairy black holes con-
taining primary hairs. As a special case, we show a non-
trivial extension of the Reissner-Nordstro¨m black hole
associated with a non-linear electrodynamics; finally, we
summarize our conclusions in Section IV.
II. GRAVITATIONAL DECOUPLING
In this Section, we briefly review the EGD for spheri-
cally symmetric gravitational systems described in detail
in Ref. [22]. The gravitational decoupling approach and
its extended version EGD are particularly attractive for
at least three reasons [57–90]: a) it allows for extending
known (seed) solutions of the Einstein field equations into
more complex ones; b) it can be used to systematically re-
duce (decouple) a complex energy-momentum tensor Tµν
into simpler components; and c) it can be used to find
solutions in gravitational theories beyond Einstein’s. In
light of the above, it is natural to apply the EGD for the
purpose of describing hairy black holes.
Let us consider the Einstein field equations 1
Gµν ≡ Rµν − 1
2
Rgµν = k
2 T˜µν , (1)
with a total energy-momentum tensor containing two
contributions,
T˜µν = Tµν + θµν , (2)
where Tµν is usually associated with some known solution
of general relativity, whereas θµν may contain new fields
or a new gravitational sector. Since the Einstein tensor
Gµν satisfies the Bianchi identity, the total source must
be covariantly conserved,
∇µ T˜µν = 0 . (3)
For spherically symmetric and static systems, the metric
gµν can be written as
ds2 = eν(r) dt2 − eλ(r) dr2 − r2 dΩ2 , (4)
where ν = ν(r) and λ = λ(r) are functions of the areal
radius r only and dΩ2 = dθ2 + sin2 θ dφ2. The Einstein
1 We use units with c = 1 and k2 = 8piGN, where GN is Newton’s
constant.
equations (1) then read
k2
(
T 00 + θ
0
0
)
=
1
r2
− e−λ
(
1
r2
− λ
′
r
)
(5)
k2
(
T 11 + θ
1
1
)
=
1
r2
− e−λ
(
1
r2
+
ν′
r
)
(6)
k2
(
T 22 + θ
2
2
)
= −e
−λ
4
(
2ν′′ + ν′2 − λ′ν′ + 2 ν
′ − λ′
r
)
,(7)
where f ′ ≡ ∂rf and T˜ 33 = T˜ 22 due to the spherical sym-
metry. By simple inspection, we can identify in Eqs. (5)-
(7) an effective density
ρ˜ = T 00 + θ
0
0 , (8)
an effective radial pressure
p˜r = −T 11 − θ 11 , (9)
and an effective tangential pressure
p˜t = −T 22 − θ 22 . (10)
Moreover, the anisotropy
Π ≡ p˜t − p˜r (11)
usually does not vanish and the system of Eqs. (5)-(7)
may be treated as an anisotropic fluid [91, 92].
We next consider a solution to the Eqs. (1) for the seed
source Tµν alone [that is, θµν = 0], which we write as
ds2 = eξ(r) dt2 − eµ(r) dr2 − r2 dΩ2 , (12)
where
e−µ(r) ≡ 1− k
2
r
∫ r
0
x2 T 00 (x) dx = 1−
2m(r)
r
(13)
is the standard general relativity expression containing
the Misner-Sharp mass function m = m(r). The addi-
tion of the source θµν can then be accounted for by the
extended geometric deformation (EGD) of the seed met-
ric (12), namely
ξ → ν = ξ + α g (14)
e−µ → e−λ = e−µ + α f , (15)
where f and g are respectively the geometric deforma-
tions for the radial and temporal metric components,
with the parameter α introduced to keep track of these
deformations. By means of Eqs. (14) and (15), the Ein-
stein equations (5)-(7) are separated in two sets: A) one
is given by the standard Einstein field equations with the
energy-momentum tensor Tµν , that is
k2 T 00 =
1
r2
− e−µ
(
1
r2
− µ
′
r
)
, (16)
k2 T 11 =
1
r2
− e−µ
(
1
r2
+
ξ′
r
)
, (17)
k2 T 22 = −
e−µ
4
(
2ξ′′ + ξ′2 − µ′ξ′ + 2 ξ
′ − µ′
r
)
, (18)
3which is assumed to be solved by the seed metric (12);
B) the second set contains the source θµν and reads
k2 θ 00 = −α
f
r2
− α f
′
r
, (19)
k2 θ 11 + αZ1 = −α f
(
1
r2
+
ν′
r
)
(20)
k2 θ 22 + αZ2 = −α
f
4
(
2 ν′′ + ν′2 + 2
ν′
r
)
−α f
′
4
(
ν′ +
2
r
)
, (21)
where
Z1 =
e−µ g′
r
(22)
4Z2 = e
−µ
(
2g′′ + g′2 +
2 g′
r
+ 2ξ′ g′ − µ′g′
)
. (23)
The above equations clearly show that the tensor θµν
must vanish when the deformations vanish (α = 0).
Moreover, on assuming g = 0, Eqs. (19)-(21) reduce
to the simpler “quasi-Einstein” system of the MGD of
Ref. [23], in which f is only determined by θµν and the
undeformed metric (12).
It is also important to discuss the conservation equa-
tion (3) which now reads(
T 11
)′ − ξ′
2
(
T 00 − T 11
)− 2
r
(
T 22 − T 11
)
−α g
′
2
(
T 00 − T 11
)
+
(
θ 11
)′ − ν′
2
(
θ 00 − θ 11
)− 2
r
(
θ 22 − θ 11
)
= 0 . (24)
The first line precisely represents the divergence of Tµν
computed with the covariant derivative ∇(ξ,µ) for the
metric (12), and is a linear combination of the Einstein
field equations (16)-(18). In fact, the Einstein tensor Gµν
for the metric (12) must satisfy its respective Bianchi
identity, and the energy momentum tensor Tµν is there-
fore conserved by construction in this geometry,
∇(ξ,µ)σ Tσν = 0 , (25)
Upon using the deformed metric in Eq. (4), one instead
obtains
∇σ Tσν = ∇(ξ,µ)σ Tσν − α
g′
2
(
T 00 − T 11
)
δ1ν , (26)
which explains the origin of the term in the second line
of Eq. (24). Finally, Eq. (24) becomes
0 = ∇σ Tσν +∇σθσν
= α
g′
2
(
T 00 − T 11
)
δ1ν +∇σθσν
=
(
θ 11
)′ − ν′
2
(
θ 00 − θ 11
)− 2
r
(
θ 22 − θ 11
)
−α g
′
2
(
T 00 − T 11
)
, (27)
which is also a linear combination of the “quasi-Einstein”
field equations (19)-(21) for the source θµν . We therefore
conclude that the two sources Tµν and θµν can be suc-
cessfully decoupled by means of the EGD. This result is
particularly remarkable, since it does not require a per-
turbative expansion in the parameter α [25].
III. HAIRY BLACK HOLES
Conditions to evade the no-hair theorem have been
investigated for a long time [7–17]. A straightforward
possibility is to fill the static vacuum with some source
of potentially fundamental origin, often described as a
scalar field [18–20]. We recently considered a more
general scenario within the MGD approach, where the
Schwarzschild vacuum for Tµν = 0 is filled with a
generic static and spherically symmetric source of energy-
momentum tensor θµν , namely, a “tensor-vacuum” [21].
This leads to hairy black hole solutions with a rich geome-
try described by the mass M and a discrete set of charges
generating primary hair. However, the MGD (15) leaves
the temporal component of the metric (4) exactly equal
to the Schwarzschild one,
eν = eξ = 1− 2M
r
, (28)
which hinders the existence of stable black holes with
a well-defined event horizon. Indeed, the relation (28)
implies that only hairy black hole solutions with the event
horizon at rH = 2M can be free of pathologies. The
advantage of the EGD is that the temporal component
is also modified according to Eq. (14), thus yielding a
potentially larger number of hairy black hole solutions
with horizons other than rH = 2M .
We apply the analysis in the previous Section to the
particular case of Tµν = 0. The seed metric (12) is thus
given by the Schwarzschild solution with
eξ = e−µ = 1− 2M
r
, (29)
which solves Eqs. (16)-(18) for Tµν = 0. In order to
find hairy black holes, we then need to solve the result-
ing “quasi-Einstein” system (19)-(21), which contain the
three components of θµν and the two deformations f and
g. Furthermore, we reduce the number of unknown quan-
tities, so that they specify a unique solution, by prescrib-
ing the two conditions discussed in the Introduction.
First of all, in order to have black hole solutions with
a well-defined horizon structure, we demand that the de-
formed metric (4) satisfies 2
eν = e−λ . (30)
2 We remark that Eq. (30) implies the condition (31) but is not
necessary for it to hold, as one could also consider cases with
eν 6= e−λ for r 6= rH.
4This condition ensures that the radius r = rH such that
eν(rH) = e−λ(rH) = 0 (31)
will be both a killing horizon (eν = 0) and a causal
horizon (e−λ = 0). A direct consequence of the con-
dition (30), following from the Einstein equations (5)
and (6), is the equation of state
p˜r = −ρ˜ . (32)
Therefore, only negative radial pressure is allowed
(for positive density). The condition (30) and the
Schwarzschild solution (29) then relate the metric defor-
mations f and g according to
α f(r) =
(
1− 2M
r
)(
eαg(r) − 1
)
, (33)
so that the line element (4) becomes
ds2 =
(
1− 2M
r
)
eαg(r)dt2 −
(
1− 2M
r
)−1
e−αg(r)dr2
−r2 dΩ2 . (34)
We are now left with the deformation g and the three
components of θµν , which must satisfy the three “quasi-
Einstein” Eqs. (19)-(21). We can therefore impose some
physically motivated restriction on g or a constraint on
θµν , like a reasonable equation of state. For instance, in
the region r ≥ 2M , we can consider the tensor-vacuum
satisfies
θ 00 = a θ
1
1 + b θ
2
2 , (35)
with a and b constants. In this case, Eqs. (19)-(21) yield
the differential equation
b r (r − 2M)h′′ + 2 [(a+ b− 1) r − 2 (a− 1)M ]h′
+2 (a− 1)h = 2 (a− 1) , (36)
for
h(r) = eαg(r) . (37)
The solution can be written as
eαg(r) = 1 +
1
r − 2M
[
`0 + r
(
`
r
)2(1−a)/b]
, (38)
where `0 and ` are constants (proportional to α) with
dimensions of a length. By using this expression in the
line element (34), we obtain the metric functions
eν = e−λ = 1− 2M
r
+
`n
rn
, (39)
where we defined the new mass as M = M + `0/2 and
n =
2
b
(a− 1) , (40)
with n > 1 for a correct asymptotic behavior. 3 The
possible horizons r = rH are given by the solutions of
rnH − 2M rn−1H + ` = 0 , (41)
and the space-time represents a Kiselev black hole [93],
which was analyzed in great detail by Visser in Ref. [94].
This line element is produced by the effective density
ρ˜ = θ 00 = α
(n− 1) `n
k2 rn+2
, (42)
the effective radial pressure
p˜r = −θ 11 = −ρ˜ , (43)
and the effective tangential pressure
p˜t = −θ 22 =
n
2
ρ˜ . (44)
The anisotropy (11) is thus given by
Π =
(n
2
+ 1
)
ρ˜ . (45)
We see that the Schwarzschild-de Siter solution (n = −2)
is the only one which allows for an isotropic tensor-
vacuum. On the other hand, the DEC, namley ρ˜ ≥ |p˜r|
and ρ˜ ≥ |p˜t|, yields n ≤ 2. Combining this with asymp-
totic flatness (n > 1), we obtain the range
1 ≤ n ≤ 2 . (46)
The extreme cases n = 1 and n = 2 are, respectively, the
Schwarzschild solution and the conformal solution with
traceless θµν , like the Maxwell case. Since the Kiselev
black hole has already been studied extensively, we will
abandon Eq. (35) and continue analysing the deformed
metric (34) based on energy conditions.
Let us recall that the energy conditions are a set of
requirements which are usually imposed on the energy-
momentum tensor to avoid exotic matter sources, hence
we can see them as sensible guidelines to avoid classically
unphysical configurations [95, 96]. In particular, we will
impose energy conditions on the source θµν in the re-
gion of space-time accessible to an outer observer (while
possibly relax them inside the event horizon).
A. Strong energy condition
Let us start with the SEC, namely
ρ˜+ p˜r + 2 p˜t ≥ 0
ρ˜+ p˜r ≥ 0 (47)
ρ˜+ p˜t ≥ 0 ,
3 Note that a trivial deformation which leaves the Schwarzschild
metric (29) unaffected is also recovered by setting a = 1 (n = 0)
in Eq. (36). We will have more to say about this in the next
subsections.
5which, as a consequence of Eq. (32), reduce to
θ 22 ≤ 0 (48)
θ 00 ≥ θ 22 , (49)
where we used the definitions (8) and (10).
Using Eqs. (19) and (21) we find that the condi-
tions (48) and (49) respectively lead to the second-order
linear differential inequalities
G1(r) ≡ (r − 2M)h′′ + 2h′ ≥ 0 , (50)
G2(r) ≡ r (r − 2M)h′′ + 4M h′ − 2h+ 2 ≥ 0 , (51)
where h was defined in Eq. (37). It is now useful to recall
that a Gro¨nwall’s inequality of the form
U ′(r) ≤ β(r)U(r) , (52)
in the interval r0 ≤ r ≤ ∞, admits the solution
U(r) ≤ U(r0) e
∫ r
r0
β(s) ds ≡ U0(r) , (53)
where the bounding function U0 is obtained by saturating
the differential inequality (52). For the inequality (50),
we can define
U(r) = −h′(r) (54)
and β(r) = −2 (r − 2M)−1, so that Eq. (53) yields
h′(r) ≥ h′(r0)
(
r0 − 2M
r − 2M
)2
, (55)
and finally
h(r) ≥ h(r0) + (r0− 2M)
(
1− r0 − 2M
r − 2M
)
h′(r0) . (56)
We therefore find that the bounding function solving
G1(r) = 0 behaves as
h1(r) ∼ c1 − `1
r − 2M , (57)
where c1 is a dimensionless constants and `1 a constant
with dimensions of a length. However, any deforma-
tion of the form in Eq. (57) plugged into the metric (34)
uniquely leads to
eν = e−λ = c1
(
1− 2 c1M + `1
c1 r
)
, (58)
which becomes the Schwarzschild solution (29) by im-
posing asymptotic flatness (that is, setting c1 = 1) and
rescaling the mass 2M + `1 → 2M . Indeed, we notice
that G1(r) = 0 equals the differential equation (36) for
a = 1, whose solution yields the Schwarzschild metric.
On the other hand, following the same procedure for the
inequality (51), we find that the bounding function sat-
isfying G2(r) = 0 behaves as
h2(r) ∼ 1− 1
r − 2M
(
`2 − Λ
3
r3
)
, (59)
where `2 is again a length and Λ a constant with dimen-
sions of the inverse of a squared length. Likewise, the
deformation (59) plugged into the metric (34) leads to
eν = e−λ = 1− 2M + `2
r
+
Λ
3
r2 , (60)
which is the Schwarzschild-de Sitter metric with cosmo-
logical constant Λ and mass 2M + `2 → 2M . Again,
notice that G2(r) = 0 is the differential equation (36) for
a = 0 and b = 1 and the bounding solution h2 for the
extremal case G2(r) = 0 (with α 6= 0) leads to the line
element (39) with n = −2. Since both inequalities (50)
and (51) must hold, the unique bounding deformation
h0(r) which solves G1(r) = G2(r) = 0 is obtained when
Eq. (57) equals Eq. (59), that is for Λ = 0. We thus
conclude that the bounding deformations which saturate
the SEC are of the form
h0(r) = 1− `0
r − 2M (61)
and leave the Schwarzschild geometry unaffected. This
is not at all surprising since G1(r) = G2(r) = 0 is tanta-
mount to ρ˜ = p˜r = p˜t = 0 and the Schwarzschild geome-
try cannot possibly be deformed in this case.
Before we proceed to consider deformations which do
not saturate the inequalities (50) and (51), we notice that
the transformation
h(r)→ h¯(r) ≡ h(r)− `0
r − 2M (62)
leaves G1(r) and G2(r) invariant. Under this transfor-
mation, the metric functions change as
eν = e−λ =
(
1− 2M
r
)
h(r)→
(
1− 2M
r
)
h(r)− `0
r
,
(63)
where it is reasonable to assume that h(r) admits an
expansion in powers of 1/r for a regular exterior. In
particular, the effect of the metric transformation (63)
will amount to the usual shift of the mass M → M =
M + `0/2 at order 1/r. This redefinition of the asymp-
totic mass, in turn, will introduce a new dependence on
the length `0 in h(r) whenever the latter contains the
unshifted seed mass M = M− `0/2, thus generating a
new solution with parameters M and `0. Of course, for
h(r) ∼ 1, Eq. (62) acts like a “gauge” symmetry cor-
responding to the trivial deformations (61) of the seed
Schwarzschild geometry (29).
We have just seen that the parameter `0 in Eq. (62)
appears as a new “gauge” charge. The way this all works
can be made more explicit by considering concrete exam-
ples. Since we are interested in solutions with a proper
horizon at r = rH ∼ 2M , which also behave approx-
imately like the Schwarzschild metric for r  2M (so
as to meet all experimental bounds in the weak field
regime), we could consider any positive function G1(r)
6satisfying the boundary conditions
G1(r) = 0 for
 r ∼ 2Mr M , (64)
A simple example of such a function containing just the
parameters α and M is given by
Gα,M (r) =
α
M2
(r − 2M) e−r/M . (65)
Upon solving Eq. (50) for the corresponding deformation
h, we obtain
h(r) = c1 − α `− r e
−r/M
r − 2M , (66)
where α ` = `0 and we can set c1 = 1 to recover the
proper limit for α = 0 (in which Gα,M → 0). The defor-
mation in Eq. (66) must also satisfy the inequality (51),
which becomes
α
M2
(
r2 − 2M2) e−r/M ≥ 0 , (67)
and it is satisfied for all r ≥ √2M .
Finally, using (66) in the line element (34) yields the
metric functions
eν = e−λ = 1− 2M
r
+ α e−r/(M−α `/2) , (68)
where we modded out the term proportional to `, corre-
sponding to the gauge transformation (62), by introduc-
ing the mass M = M + α `/2. The new solution (68)
thus asymptotically approaches the Schwarzschild geom-
etry with a total mass M. The source θµν decays expo-
nentially away from the center of the system, as can be
seen from the effective density
ρ˜ = θ 00 = −p˜r =
α e−r/M
k2M r2
(r −M) , (69)
and the effective tangential pressure
p˜t = −θ 22 =
α e−r/M
2 k2M2 r
(r − 2M) . (70)
We can immediately see some important features of the
metric (68). The first one is that the physical singularity
at r = 0 remains and is further reflected in the singular
behaviour of the effective quantities in Eqs. (69) and (70).
The second feature is that the SEC (48) is only satisfied
as long as r ≥ 2M , as we can see from (70). Also notice
that in the limit M → 0 the source θ νµ → 0 for r > 0,
andM→ α `. In other words, the source θ νµ approaches
a Dirac-delta function for vanishing seed mass M .
The equation determining the horizon r = rH of the
metric (68) is given by
α ` = rH − 2M + α rH e−rH/M , (71)
ℓ = 2Mⅇ2 ; rH = 2M
ℓ = 0.6 ; rH > 2M
ℓ = 0.9 ; rH > 2M
2 4 6 8 10
0.0
0.2
0.4
0.6
0.8
1.0
r
ⅇ-
λ(
r
)
FIG. 1. Metric function for different values of ` with α = 0.4
and M = 1. The shift of the horizon rH is controlled by the
parameter `. The Schwarzschild horizon corresponds to the
saturated case of the inequality (73).
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FIG. 2. Effective source terms × 104 for α = 0.2. The horizon
is located at rH & 2M , with M = 1.
which allows to write the metric (68) in terms of its hori-
zon in the form
eν = e−λ = 1− rH
r
+ α
(
e−r/M − rH
r
e−rH/M
)
. (72)
It is of course impossible to find analytical solutions to
Eq. (71), except for particular values of the parameters.
For example, according to our prescription for the SEC,
we need rH ≥ 2M , or
` ≥ 2M/e2 . (73)
The extremal case ` = 2M/e2 leads to the solution
eν = e−λ = 1− 2M
r
+ α
(
e−r/M − 2M
e2 r
)
. (74)
which has the horizon at rH = 2M . The SEC (48)
and (49) are both satisfied in the outer region, but the
black hole should have the same thermodynamic proper-
ties of the Schwarzschild geometry.
The metric function (68) is plotted in Fig. 1 for a given
value of α, which shows that the horizon is shifted to
7larger radii when ` increases from the minimum allowed
value (73) corresponding to rH = 2M . We find the same
behavior when α increases. In this respect, we notice that
the effective density ρ˜ and pressures p˜r and p˜t in Eqs. (69)
and (70) do not depend on the parameter `, unlike the
horizon. This allows us to choose suitable values for the
parameters α and ` such that the SEC is satisfied for
r & rH, as is shown in Fig. 2, where both the density
and tangential pressure are positive. We conclude that
the metric (68) represents a hairy black hole (having in
general non-trivial thermodynamic properties) endowed
with the parameters {M,α, `}, where `0 = α ` represents
a charge associated with primary hair.
B. Dominant energy condition
We shall next consider the DEC, which requires [95]
ρ˜ ≥ |p˜r| (75)
ρ˜ ≥ |p˜t| . (76)
In particular, we will see that these conditions allow for
deforming the Schwarzschild solution into the Reissner-
Nordstro¨m-de Sitter geometry with an effective charge Q
and an effective cosmological constant Λ.
We first point out that the inequality (75) is saturated
as a consequence of Eq. (32) for a positive effective den-
sity, for which Eq. (76) reduces to
− ρ˜ ≤ p˜t ≤ ρ˜ . (77)
We can again write the condition (77) in terms of the
definitions (8) and (10) as
θ 00 + θ
2
2 ≥ 0 (78)
θ 00 − θ 22 ≥ 0 , (79)
which yield respectively the differential inequalities
H1(r) ≡ −r(r − 2M)h′′ − 4(r −M)h′ − 2h+ 2 ≥ 0 (80)
H2(r) ≡ r (r − 2M)h′′ + 4M h′ − 2h+ 2 ≥ 0 , (81)
where we used Eqs. (19) and (21), and h is the same
defined in Eq. (37).
We can then notice that H1(r) = 0 is the differen-
tial equation (36) for a = 0 and b = −1. Hence, the
bounding solution h1 for the extremal case H1(r) = 0
(with α 6= 0) leads to the line element (39) with n = 2,
namely, the Reissner-Nordstro¨m solution (with an effec-
tive charge Q ∼ `). On the other hand, H2(r) = 0 is
the differential equation (36) for a = 0 and b = 1. Hence,
the bounding solution h2 for the extremal case H2(r) = 0
leads to the line element in (39) with n = −2, namely, the
Schwarzschild-de Sitter solution with cosmological con-
stant Λ ∼ `−2. Since H1(r) = H2(r) = 0 corresponds
to vanishing θµν like for the SEC, the unique bound-
ing deformation h0(r) = h1(r) = h2(r) is obtained for
Q = Λ = 0, so that the only possible deformation re-
mains again the trivial one in Eq. (61), which yields the
seed Schwarzschild solution. Indeed, the functions H1(r)
and H2(r) in Eqs. (80) and (81) are also invariant under
the transformation (62).
Like in Section III A, we proceed to investigate de-
formations which do not saturate the inequalities (80)
and (81) everywhere by considering positive functions
H1(r) or H2(r) which saturate that inequalities only near
the boundaries of the outer region, that is
H1(r) = 0 for
 r ∼ 2Mr M . (82)
In fact, we can still employ the function in Eq. (65) and
set
H1 = M Gα,M . (83)
Upon solving (80) for the corresponding h, we obtain
h(r) = 1− 1
r − 2M
(
α `+ αM e−r/M − Q
2
r
)
, (84)
where α ` = `0 and Q is also a constant with dimension of
a length and proportional to α. A second constant of in-
tegration was adjusted to meet the proper Schwarzschild
limit for α→ 0 (in which we remark that Q ∼ α vanishes
as well). The deformation in Eq. (84) also has to satisfy
the inequality (81), which reads
4Q2
r2
≥ α
M
(r + 2M) e−r/M . (85)
Using (84) in the line element (34), we obtain the met-
ric functions
eν = e−λ = 1− 2M + α `
r
+
Q2
r2
− αM e
−r/M
r
, (86)
which is a sort of “charged” version of the solution (68)
again with asymptotic mass M = M + α `/2. The effec-
tive density is now given by
ρ˜ = θ 00 = −p˜r =
Q2
k2 r4
− α e
−r/M
k2 r2
(87)
and an effective tangential pressure reads
p˜t = −θ 22 =
Q2
k2 r4
− α e
−r/M
2 k2M r
. (88)
We can see that
ρ˜− p˜t = α e
−r/M
2 k2M r2
(r − 2M) (89)
and the DEC is satisfied for r ≥ 2M , as we originally
required. We can also see that the physical singularity
at r = 0 remains.
The horizon radii rH are given by solutions of
α ` = rH − 2M + Q
2
rH
− αM e−rH/M , (90)
8which allows us to write the metric functions (86) as
eν = e−λ = 1− rH
r
(
1 +
Q2
r2H
− αM
rH
e−rH/M
)
+
Q2
r2
− αM
r
e−r/M . (91)
As with the SEC, it is always possible to choose suitable
values for the parameters α, ` and Q such that analytical
solutions for rH can be found. However, since the DEC
requires rH ≥ 2M , the choice of these values cannot be
arbitrary. We can see this by evaluating the density (87)
at the horizon, in addition to using the expression (90),
which yields
Q2 ≥ 4α (M/e)2 and ` ≥M/e2 . (92)
We remark that Q does not need to be an electric
charge. It could be, for instance, a tidal charge of extra-
dimensional origin or any other source. However, when Q
represents an electric charge, we can say that the electro-
vacuum of the Reissner-Nordstro¨m geometry also con-
tains a tensor-vacuum whose components are those ex-
plicitly proportional to α in Eqs. (87) and (88). Let us
recall that the Reissner-Nordstro¨m metric has two hori-
zons: the event horizon
rH = M +
√
M2 −Q2 < 2M , (93)
and an internal Cauchy horizon given by
rCH ≡M −
√
M2 −Q2 < rH . (94)
For our solution (86), we can identify at least three cases
for which the event horizon rH has simple analytical ex-
pressions, and the DEC (75) and (76) are satisfied. As in
the Reissner-Nordstro¨m metric, each one of these cases
has an internal Cauchy horizon rCH < rH.
Case 1
Let us start by considering the case saturating the in-
equalities (92), for which the metric components (91) be-
come
eν = e−λ = 1− 2M
r
(
1 +
α
2 e2
)
+
4αM2
e2 r2
− αM
r
e−r/M .
(95)
The event horizon is again precisely at rH = 2M , which
parallels the case of Eq. (74), and we can also write
rH =
e√
α
Q . (96)
Notice that by defining
M = M
(
1 +
α
2 e2
)
, (97)
the metric functions (95) can be written in a more sug-
gestive form as
eν = e−λ = 1− 2M
r
+
Q2
r2
−
√
αQ
2 r
e1−2
√
α r/eQ , (98)
Case 1; rH = 2M
Case 2; rH = αℓ
Case 3; rH = αℓ+2M
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FIG. 3. Metric function for the three different analytic cases
with α = 0.8 and M = 1 for ` = 0.4, 4, 1, respectively.
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FIG. 4. Effective source terms ×104 for α = 0.1, ` = 0.4,
Q = 0.3, with M = 1.
which can be interpreted as a nonlinear electrodynamics
coupled with gravity.
Case 2
The second case we consider is given by
Q2 = α `M
(
2 + α e−α `/M
)
, (99)
with ` 6= 0, leading to
eν = e−λ = 1− 2M + α `
r
+
2α `M
r2
−αM
r2
e−r/M
(
r − α ` e r−α `M
)
. (100)
The event horizon is now at rH = α ` = `0 ≥ 2M . If
we further assume α ` ∼ M , we can express M = M(Q)
from (99) and the metric functions (100) can again be
interpreted as a nonlinear electrodynamics coupled with
gravity.
9Case 3
Finally, we consider
Q2 = αM (2M + α `) e−
(2M+α `)
M , (101)
so that
eν = e−λ = 1− 2M + α `
r
− αM
r2
e−r/M
×
[
r − (2M + α `) e r−(2M+α `)M
]
. (102)
The event horizon is at rH = 2M+α ` = 2M≥ 2M , and
the Schwarzschild horizon is recovered as usual for α = 0.
As in the two previous cases, the interpretation in terms
of nonlinear electrodynamics is obtained for α ` ∼M .
The metric functions for the three analytical cases in
Eqs. (95), (100) and (102) are displayed in Fig. 3, each
for a different value of the parameter `. In all cases the
density and pressures have the same qualitative behavior
as in Fig. 4, which corresponds to the general case given
by Eqs. (86)-(88). We conclude that the metric (86) rep-
resents a hairy black hole endowed with the parameters
M , Q, α and `, where {Q, `0 = α `} represents a potential
set of charges generating primary hair. Among this new
family of solutions, we can identify three different cases
representing hairy black holes having simple analytical
horizons. All these cases can be interpreted as a nonlin-
ear electrodynamics coupled with gravity, whose charges
are M , `0 = α ` and Q.
4
Finally, we want to end by emphasizing a rather im-
portant result. When the horizon in (91) has the simple
form rH = KM , with K ≥ 2 in order to satisfy the DEC,
the metric functions become
eν = e−λ = 1− 2M
r
+
Q2
r2
− α rH
K r
e−K r/rH , (103)
and the event horizon takes the simple Reissner-
Nordstro¨m form
rH = M¯+
√
M¯2 − Q¯2 , (104)
where M¯ =M/β and Q¯2 = Q2/β with
β = 1− α e
−K
K
. (105)
We conclude that the metric (103) represents a black hole
associated with some non-linear electrodynamics, whose
horizon is related with the Reissner-Nordstro¨m one by
the quite simple expression
rH =
rRN
β
≥ rRN , (106)
4 This way of presenting the results should not overshadow the
fact that Q2 ∼ α, so that the Schwarzschild geometry is always
recovered for α→ 0.
since β ≤ 1. In order to specify this nonlinear electrody-
namics, we identify
θµν = − [LF Fµα Fαν + L(F ) gµν ] , (107)
where
F =
1
4
Fµν F
µν and LF =
dL
dF
. (108)
In the static spherically symmetric case, we have
Fµν = E(r)
(
δ0µ δ
1
ν − δ1µ δ0ν
)
. (109)
Following a standard procedure, we then obtain the elec-
tric field
E(r) =
Q
r2
− α e
−K rrH (K r + 2 rH)
4 rHQ
. (110)
We can describe the underlying nonlinear electrodynam-
ics within the P -dual formalism [97, 98], which yields the
Lagrangian
L(P ) = −4pi P − αK
4
√−2P eG(P )
4
√
pi
√
QrH
, (111)
with
G(P ) = − K
√
Q
2
√
pi 4
√−2P rH
, (112)
where
P =
1
4
Pµν P
µν and Pµν = LF Fµν . (113)
We want to conclude emphasizing once again that
Q2 ∼ α, so that the Schwarzschild geometry is always
recovered for α → 0. However, when Q represents
an electric charge, we can say that the electro-vacuum
(Reissner-Nordstro¨m geometry) is filled with a tensor-
vacuum whose origin lies in the nonlinear electrodynam-
ics with the Lagrangian (111).
IV. CONCLUSIONS
Using the EGD approach, we studied the emergence of
hairy black holes due to matter surrounding the central
source of the Schwarzschild metric. Demanding that the
solution always admits a well defined horizon through
Eq. (30), and that the hair satisfies the SEC or DEC
through Eqs. (47) or (75) and (76), respectively, we
found two new families of hairy black holes displayed in
Eqs. (68) and (86). These geometries were analysed and,
in particular, we found that the solutions satisfying the
DEC contain the non-trivial extension of the Reissner-
Nordstro¨m black hole shown in (103) which possesses a
simple event horizon. The Lagrangian of the nonlinear
electrodynamics, which sources this solution, was also
obtained explicitly.
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From the technical point of view, since aim of the
present work was to study some general conditions un-
der which hair can be added to the (spherically symmet-
ric) vacuum black holes of general relativity, the EGD
was the natural approach to employ from the onset. In
fact, the EGD is precisely devised for describing defor-
mations of known solutions of general relativity induced
by adding extra sources. Moreover, the properties of the
added source were restricted in order to enforce the con-
ditions mentioned above, rather than assuming the hair
is described in terms of fundamental fields. Nonetheless,
we were able to give a description in terms of a nonlinear
electrodynamics at least in one specific case.
Finally, we would like to remark that the charges Q
and `0 = α ` associated with our hairy black holes admit
simple physical interpretations. The charge Q can be
viewed as an effective electric charge and is proportional
to α, which is the generic parameter measuring the de-
viation from the chosen vacuum solution (which is given
by the Schwarzschild metric). A special mention deserves
the parameter `0, which is associated with gauge trans-
formations of the seed Schwarzschild metric and which
seems to always push the event horizon to radii larger
than the Schwarzschild radius. Therefore `0 = α ` mea-
sures how much the entropy of the black hole increases
from its minimum Schwarzschild value S = 4piM2 when
hair is added.
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